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Abstract

Chain-of-thought (CoT) prompting can im-
prove the problem-solving ability of large lan-
guage models (LLMs), but a generated ratio-
nale does not always reflect the process by
which a model reaches its answer, which limits
the value of CoT for oversight and safety moni-
toring. We compare two post-training methods,
Group Relative Policy Optimization (GRPO)
and Direct Preference Optimization (DPO), on
one measurable component of this problem:
reasoning—answer entailment, whether the rea-
soning a model states supports the answer it
gives. Entailment is a necessary condition for
faithful reasoning, not a certificate of it, and
we scope our claims accordingly. Across four
scales of the Qwen2.5-Instruct family (1.5B—
14B) on GSM8K, we evaluate eight fine-tuned
models on accuracy, reliability, and entailment
metrics computed from persisted per-example
generations, report bootstrap confidence inter-
vals and paired significance tests, and assess
the robustness of LLM-as-a-judge scoring with
two independent judges. GRPO yields signifi-
cantly higher entailment at every scale (mar-
gins of +.14 to +.31, all p < 10~") and
sweeps all metrics at 7B, while DPO matches
GRPO’s greedy and pass@1 accuracy at 14B at
lower training cost (self-consistency still favors
GRPO). The methods fail differently. GRPO
produces internally consistent rationales even
when its answers are wrong; DPO’s stated rea-
soning fails to entail a majority of its correct
answers at every scale, consistent with the DPO
recipe optimizing answer style rather than the
reasoning—answer link. A forensic analysis at-
tributes the mid-scale (3B) collapse of both
methods largely to output-format failure rather
than lost reasoning ability, and a headline 14B
judge-score gap does not survive re-evaluation
with a second judge.

GRPO
rewards on the chosen vs. rejected
reasoning trace responses

v v

Qwen2.5-Instruct X 4 scales (1.5B-14B)
=> 8 fine-tuned models

DPO

200 paired questions X (5 samples + greedy)
accuracy - consistency - entailment - 2 judges
bootstrap CIs - McNemar/Wilcoxon + Holm

GRPO couples DPO decouples
reasoning = answer answer = reasoning
at every scale (p<10 ) even when correct

Figure 1: Overview: two post-training recipes, one
scale-controlled evaluation with per-example statistics,
and the central finding: GRPO’s stated reasoning entails
its answers; DPQO’s often does not.

1 Introduction

Chain-of-thought (CoT) reasoning (Wei et al.,
2022) has become a standard technique for elicit-
ing multi-step problem solving from large language
models (LLMs). Beyond its effect on accuracy, the
generated reasoning trace is increasingly treated as
an interpretability artifact: a window into ~ow the
model reached its answer, and a channel through
which humans or automated monitors can audit
model behavior, mirroring the role explanations
play across applied NLP more broadly (Moham-
madi et al., 2025a; Mohammadi, 2026a). This use
rests on an assumption of faithfulness: that the
stated reasoning corresponds to the process that ac-
tually produced the answer (Jacovi and Goldberg,
2020).

That assumption is fragile. Models produce flu-
ent but unfaithful justifications, change answers
in response to hidden cues without acknowledg-
ing them, and construct persuasive rationales for
conclusions reached by other means (Turpin et al.,
2023; Lanham et al., 2023; Chen et al., 2025).
When incorrect hints are embedded in XML meta-
data, state-of-the-art reasoning models may shift
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from correct to incorrect answers while present-
ing confident, coherent (and deceptive) reasoning
chains (Chen et al., 2025). If CoT is to serve as
an oversight mechanism, post-training should im-
prove the fidelity of the reasoning along with its
quality.

Most post-training pipelines, however, optimize
for task performance or human preference, not rea-
soning fidelity. Two widely used methods embody
contrasting philosophies. Direct Preference Opti-
mization (DPO) (Rafailov et al., 2023) trains di-
rectly on pairs of preferred and rejected responses,
dispensing with explicit reward models. Group
Relative Policy Optimization (GRPO) (Shao et al.,
2024) is an online reinforcement learning method
that normalizes rewards within groups of sampled
responses, and has been central to recent reasoning-
focused models (Guo et al., 2025). Comparisons
of preference-based and reinforcement-based post-
training exist for general alignment (Xu et al., 2024;
Ivison et al., 2024), but their comparative effect on
the reasoning—answer link in CoT has not been
systematically evaluated.

We address one measurable slice of this gap: a
scale-controlled comparison of GRPO and DPO
across four model scales (1.5B, 3B, 7B, 14B) of
the Qwen2.5-Instruct family (Yang et al., 2024)
on GSMS8K (Cobbe et al., 2021), centered on
reasoning—answer entailment: whether the reason-
ing a model states supports the answer it gives.
We scope our claims deliberately. Entailment is
necessary for faithful reasoning but does not cer-
tify it, and we run no causal interventions such
as CoT truncation or corruption (Lanham et al.,
2023); what we establish is which recipe produces
reasoning that supports its answers, and how the
two recipes fail when it does not. Figure 1 summa-
rizes the design. Our contributions:

1. A scale-controlled comparison of GRPO and
DPO on six metrics (accuracy, reliability, en-
tailment, and judge scores), with bootstrap
confidence intervals and paired significance
tests computed from persisted per-example
scores (§5);

2. A two-judge LLM-as-a-judge protocol that
measures cross-judge agreement instead of as-
suming judge reliability (Thakur et al., 2025)
(85.3);

3. An error analysis over accuracy X entailment
quadrants showing that the two methods fail

in qualitatively different ways: GRPO couples
its answers to its stated reasoning (even when
wrong), while DPO’s answers are frequently
decoupled from the reasoning it states (§5.4);

4. Public release of code, per-example evaluation
data, and all eight fine-tuned adapters. '

Two further findings fell out of this protocol, and
we report them as methodological notes rather than
headline contributions: a forensic diagnosis of the
performance collapse both methods exhibit at 3B,
which we trace primarily to evaluation-time format
failure using training-time reward trajectories as
evidence (§5.2), and a second judge under which a
prominent 14B judge-score gap does not replicate

(85.3).
2 Related Work

CoT faithfulness. Jacovi and Goldberg (2020)
distinguish plausibility from faithfulness in NLP
explanations and argue for evaluating the latter di-
rectly. For CoT specifically, Turpin et al. (2023)
show that models rationalize biased answers with-
out mentioning the bias; Lanham et al. (2023)
propose causal probes (truncating or corrupting
the CoT and observing answer changes) to quan-
tify how much the stated reasoning matters; Chen
et al. (2025) find that reasoning models verbalize
hidden hints in only 1-20% of cases. Faithful-
ness tests based on input editing (Atanasova et al.,
2023), self-consistency framings (Parcalabescu and
Frank, 2024), and architectural guarantees (Lyu
et al., 2023) offer complementary measurement
strategies, while Bentham et al. (2024) caution that
some unfaithfulness metrics track accuracy differ-
ences rather than genuine fidelity, and Arcuschin
et al. (2026) document unfaithful CoT arising in
the wild without adversarial prompting. Paul et al.
(2024) move from measurement to intervention,
training models so that answers causally depend on
the produced reasoning. Our work sits beside this
intervention-oriented line: we ask which of two
standard post-training recipes yields reasoning that
better entails its answers, holding data and scale
constant.

Preference optimization and RL post-training.
RLHF with PPO (Ouyang et al., 2022; Schulman

'Code and per-example evaluation data: https://gith
ub.com/mohammadi-hadi/grpo_dpo_comparison. Fine-
tuned adapters: https://huggingface.co/hadimh93/qwen
2.5-gsm8k-grpo-dpo-adapters.
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et al., 2017) established the reward-driven post-
training paradigm; DPO (Rafailov et al., 2023)
and successors (IPO, Gheshlaghi Azar et al., 2024;
KTO, Ethayarajh et al., 2024; SimPO, Meng et al.,
2024; ORPO, Hong et al., 2024) replace the RL
loop with direct objectives over preference data.
GRPO (Shao et al., 2024) retains online RL but
replaces the value network with group-relative ad-
vantage estimates, powering DeepSeek-R1’s rea-
soning gains (Guo et al., 2025); RLOO (Ahmadian
et al., 2024) makes a related simplification. Em-
pirical comparisons across these families find that
online RL methods tend to outperform DPO on gen-
eral alignment (Xu et al., 2024; Ivison et al., 2024).
The credit-assignment weakness of whole-response
preference training for multi-step reasoning is doc-
umented: rejecting a full response penalizes its
correct steps along with its errors, which motivated
step-level variants such as Step-DPO (Lai et al.,
2024) and Full-Step-DPO (Xu et al., 2025). We
study the vanilla recipe deliberately, as the variant
practitioners reach for first, and our results quantify
how its weakness surfaces in the trained models:
not as lower accuracy, but as answers that decouple
from their stated reasoning, increasingly with scale.
We extend the RL-versus-preference comparison
axis to the reasoning—answer link, and use low-
rank adaptation (LoRA)-based parameter-efficient
training (Hu et al., 2022; Dettmers et al., 2023) to
hold the fine-tuning budget constant across scales.

LLM-as-a-judge reliability. Judge models cor-
relate with human preference at the system
level (Zheng et al., 2023; Liu et al., 2023)
but exhibit position and verbosity biases (Wang
et al., 2024), self-preference (Panickssery et al.,
2024), and leniency that varies with judge capabil-
ity (Thakur et al., 2025); similar reliability con-
cerns arise when LLMs are used as annotators,
where model explanations affect annotation qual-
ity (Mohammadi et al., 2025b). Following recom-
mendations from this literature, we score with two
independent judges from different model families
and report inter-judge agreement rather than treat-
ing any single judge as ground truth. Outcome-only
judging has likewise been shown to miss failures
that step-level inspection catches (Mohammadi,
2026b). Interpretable chain-of-thought has also
been combined with LLLM-as-judge peer review to
evaluate LLM moral alignment (Mohammadi et al.,
2026).

Consistency and statistical practice. Self-
consistency (Wang et al., 2023) improves accuracy
by majority-voting over sampled reasoning paths;
we use agreement across samples as a reliability
signal, and entailment-based scoring (Chen and
Eger, 2023) as a lexical-overlap-free check that the
reasoning supports the stated answer. Our statisti-
cal protocol (bootstrap intervals, paired exact tests,
multiple-comparison correction) follows Dror et al.
(2018) and Koehn (2004).

3 Method

3.1 Task and Data

We use GSMS8K (Cobbe et al., 2021), a bench-
mark of 8.5K grade-school math word problems
requiring multi-step reasoning, each with a worked
solution and a numeric answer. For DPO we use a
public GSM8K preference set” of ~1.2K (prompt,
chosen, rejected) triplets. To match training-set
size, GRPO training samples ~15% of the GSM8K
training split, of which 10% is held out for check-
point selection. All evaluation uses a fixed set of
200 questions sampled from the GSM8K test split
with a fixed seed; the same 200 questions are used
for every model, enabling paired statistical tests.
Appendix A shows both training formats on con-
crete examples.

3.2 Fine-tuning

We fine-tune Qwen?2.5-Instruct models (Yang et al.,
2024) at 1.5B, 3B, 7B, and 14B parameters with
each method (eight models total), using QLoRA
(quantized LoRA) (Hu et al., 2022; Dettmers et al.,
2023): 4-bit quantized bases with LoRA adapters
over all attention and MLP projections. We use
this family because it provides instruction-tuned
checkpoints at four sizes under one recipe and tok-
enizer, a clean scale ladder for paired comparison,
and because much of the open GRPO reasoning
work targeted it when these adapters were trained
(see Limitations). Both methods use 8-bit AdamW
at learning rate 5 x 10~% and maximum sequence
length 1024.

GRPO first adapts the model on ~80 ex-
amples to produce a structured output format
(reasoning between <start_working_out>/
<end_working_out> tags, answer between
<SOLUTION>/</SOLUTION> tags). Training then
samples 4 responses per prompt and scores

2https ://huggingface.co/datasets/valerielucro
/gsm8k_preference_dataset_2.1
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them with four reward functions: exact format
compliance, approximate format match, tiered
answer correctness, and numerical-validity checks.
LoRA rank 16, o 32. Compute constraints capped
GRPO training at one epoch, with checkpoints
saved at fixed step intervals and scored on the
held-out split, which is disjoint from the 200
test questions; for each scale we deployed the
highest-scoring saved checkpoint, which fell at
0.25 epochs (1.5B) and 0.5 epochs (3B-14B).

DPO trains on the preference triplets with the
standard DPO objective (5=0.1), with its own out-
put format (<reasoning>/<answer> tags). LORA
rank 32, o 64; three epochs with best-checkpoint
selection on validation loss. Appendix B lists the
full configuration.

Compute budget. Every run fits a single-GPU
budget: 4-bit QLoRA bases (Dettmers et al., 2023),
8-bit AdamW (Dettmers et al., 2022), sequence
length 1024, and a GRPO group of 4 samples per
prompt (far smaller than the groups of 64 in Shao
et al., 2024) keep even the 14B arms within one
GPU’s memory. The scope is deliberate: we ask
which recipe better couples reasoning to answers
under a budget most practitioners actually have,
not what either method achieves on a cluster. The
asymmetries between the arms follow from the
same budget. Each GRPO step samples and scores
four full generations per prompt, so a GRPO epoch
requires several times the generation compute of
a DPO epoch; the GRPO runs therefore stopped
within one epoch while DPO ran three.

Comparability caveats. The two arms are repre-
sentative recipes rather than a controlled ablation:
they differ in LoRA rank (16 vs. 32), epochs (frac-
tional vs. 3), checkpoint selection, data format (raw
problems with rewards vs. preference pairs), and
output tags. Conclusions should be read as com-
paring the recipes as practitioners deploy them, not
the objectives in isolation. Note the direction of
the asymmetries: DPO trains adapters of twice the
rank, sees its data for three full epochs, and se-
lects its best checkpoint on validation loss, while
GRPO trains fewer parameters for a fraction of an
epoch. For the central entailment result the asym-
metries run against the winner: the arm with fewer
trained parameters and less training still shows
higher entailment at every scale, so the gap cannot
be attributed to a capacity or budget advantage for
GRPO. The accuracy comparisons enjoy no such
protection, and we flag where that matters (§5.1).
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Whether the fractional-epoch GRPO checkpoints
had converged cannot be settled from our data, but
the deployed checkpoints demonstrably solve prob-
lems at training time (Figure 3), and the entailment
margin recurs at all four scales, which an accident
of early stopping would have to reproduce four
times independently. Each method xscale cell is a
single training run; our intervals capture variation
over test questions, not training seeds (see Limita-
tions).

3.3 Evaluation Framework

For each of the 200 test questions we draw k£ = 5
sampled generations (temperature 0.7, top-p 0.95,
max 256 new tokens) plus one deterministic greedy
generation, and persist every generation. Metrics:

* Greedy accuracy: correctness of the deter-
ministic generation.

pass@1 (T=0.7): correctness of the first sam-
pled generation. (Our initial 4-bit protocol
labeled this “greedy” accuracy; we keep the
name for continuity and report true greedy
decoding separately.)

Self-consistency accuracy (Wang et al,
2023): correctness of the majority answer over
the k& samples.

Consistency ratio: the fraction of parseable
samples that agree with the majority answer.

Reasoning-answer entailment: the entail-
ment probability assigned by a natural lan-
guage inference (NLI) model (RoBERTa-
large-MNLI) to the hypothesis “The final an-
swer is x.” given the generated reasoning as
premise (Chen and Eger, 2023). We use this
name rather than “NLI faithfulness”: the met-
ric checks whether the stated reasoning sup-
ports the stated answer, a necessary but not
sufficient condition for causal faithfulness (Ja-
covi and Goldberg, 2020; Parcalabescu and
Frank, 2024).

LLM-as-a-judge: a 1-5 rubric scoring of
(problem, reasoning, answer, gold answer),
normalized to [0, 1], from two independent
judges: Gemma-3-27B, which scored the ini-
tial 4-bit generations, and GPT-5-mini, which
scored the bf16 re-evaluation. We report per-
judge scores and their agreement (§5.3); the
rubric is reproduced verbatim in Appendix C.



3.4 Statistical Protocol

All aggregate numbers come with 95% bootstrap
confidence intervals (percentile method, 10,000
resamples over questions) (Koehn, 2004). GRPO-
DPO differences at each scale are tested on paired
per-question scores: McNemar’s exact test for bi-
nary metrics (greedy, pass@1, self-consistency)
and Wilcoxon signed-rank for continuous ones
(consistency ratio, entailment, judge scores), with
Holm correction across the four scales within each
metric (Dror et al., 2018).

4 Experimental Setup

The adapters were trained using 4-bit QLoRA and
re-evaluated by attaching the same adapters to bf16
base models. All main results reported in this
paper come from the bf16 re-evaluation, while
the initial 4-bit results are used only for diagnos-
tic comparison. Absolute scores should therefore
be interpreted within the corresponding evalua-
tion setting. Generation runs on Apple Silicon
using the Metal Performance Shaders (MPS) back-
end, with the exact prompt templates from training
(raw system/user/assistant pseudo-tags with each
method’s XML-style tags). The NLI scorer runs lo-
cally; judge scoring uses the same Gemma-3-27B
rubric verbatim for both judges. The re-evaluation
persists per-example records for every generation.
Compared with our initial 4-bit evaluation (3 sam-
ples per question, single judge, no per-example
records and hence no paired tests), no compari-
son that reaches significance in the re-evaluation
reverses the direction of the initial result, match-
ing the initial “greedy” pass to pass@ 1, with two
instructive exceptions analyzed below: 3B entail-
ment (§5.2), which reverses, and the 14B judge gap
(85.3), which disappears.?

5 Results

5.1 Scaling Behavior

Table 1 and Figure 2 summarize performance
across scales. The single most stable pattern is
entailment: GRPO’s reasoning entails its answers
significantly more often at every scale (1.5B: .539
vs. .319, Wilcoxon p < 10719; 3B: 427 vs. .176,
p < 10715 7B: 507 vs. .199, p < 10~2Y; 14B:
491 vs. .353, p < 10~7; all Holm-corrected). No
other metric behaves this consistently.

*Initial 4-bit aggregate scores are included in the released
data for comparison.

Accuracy tells a scale-dependent story. At
1.5B the methods are statistically indistinguish-
able on every accuracy metric (greedy: .470 vs.
425, McNemar p = .37; pass@1: p = 1.0;
self-consistency: p = .30) and on judge scores
(p = 1.0); the one non-entailment difference that
survives correction favors DPO: more stable an-
swers across samples (consistency ratio .664 vs.
528; p < 1079). At 7B the picture inverts
sharply: GRPO wins every metric with large mar-
gins (greedy .750 vs. .430; self-consistency .875 vs.
.610; judge .655 vs. .427; all p < 1075), including
consistency ratio (.834 vs. .651, p < 1079), which
had been DPO’s small-scale advantage. At 14B the
gap narrows: GRPO retains significant advantages
on self-consistency (.935 vs. .870, p = .022) and
entailment, while greedy accuracy (.830 vs. .780,
p = .37) and judge scores (.711 vs. .740, p = 1.0)
are ties. GRPQO’s advantage is thus not a uniform
quality gap: it is concentrated on the reasoning—
answer link, plus a transient mid-scale accuracy
lead; §6 discusses the training-signal asymmetry
consistent with this pattern.

True greedy decoding scores higher than pass@1
for seven of eight models (from +.04 to +.12; the
exception is format-broken DPO-3B), confirming
that the initial 4-bit protocol’s “greedy” label, ac-
tually a temperature-0.7 sample, understated deter-
ministic performance and conflated two different
quantities.

5.2 The 3B Collapse Is Largely a Format
Failure

Both methods degrade sharply at 3B before recover-
ing at 7B. Under 4-bit inference, GRPO-3B scored
.055 on (pseudo-)greedy accuracy against .250 at
1.5B. Three independent sources of evidence indi-
cate this collapse is dominated by evaluation-time
output-format failure rather than lost reasoning abil-
ity.

First, GRPO training logs show the 3B model
earned substantial answer-correctness reward dur-
ing training (mean over the last ten logged steps
up to the deployed checkpoint: 2.11, between the
1.5B model’s 1.52 and the 7B model’s 3.35; Fig-
ure 3): the checkpoint demonstrably solved prob-
lems while training. A capability collapse cannot
explain a model that solves problems at train time
and scores near zero at test time; a fragile output
format can.

Second, per-example records expose how much
scoring hinges on parseability. Already at 1.5B,
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Size Method  Greedy pass@1 Self-Cons. Cons. Ratio Entailment Judge
1.5B DPO 4251.36,.50] .3451[28,.41] .615[55,.69] .664[62,.71]1 .319[28,.36] .379[.32,.44]
’ GRPO  470140,.54) .350[29,.42] .555749,.631 .528[.49,.56] .539[.50,.58] .375[.31,.44]
3B DPO .1351.09,.181 .200[.14,.26] .510[.44,.58] .6591[61,.71] .176[.14,.21] .228[.17,.28]
GRPO  .265[20,.33] .205[.15,.26] .530[46,.60] .689[64,.74] .427[.38,.47] .206[.15,.26]
7B DPO .4301.36,.50] .3901[.33,.46] .610[.54,.68] .651[59,.70]1 .199[.17,.23] .427[.36,.49]
GRPO  .750[69,.81] .650([58,.711 .875[.82,92] .834[80,.871 .507[47,.55] .655[.59,.72]
14B DPO 7801.72,.831 .735[67,.801 .870([.82,.92] .8741[83,.91] .353[32,.39] .740[.68,.80]
GRPO  .830[78,.88] .775[.71,.83] .935[90,971 .891[86,.921 .491[45,53]1 .711[.65,.77]

Table 1: Performance across methods and scales: mean [95% bootstrap CI] over 200 paired test questions. Bold
marks the better method within a scale where the paired test is significant after Holm correction (p < .05); the

Judge column reports GPT-5-mini scores.

Greedy accuracy Self-consistency Consistency ratio
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Figure 2: GRPO vs. DPO across model scale, with 95% bootstrap CI bands over the 200 paired test questions.
pass@1 is omitted; it patterns with greedy accuracy (Table 1).

only 57% of DPO samples and 84% of GRPO sam-
ples contain a parseable answer in the required
tag format; unparseable generations score zero on
every accuracy metric regardless of the reasoning
they contain. At 3B the parseable rate collapses
to 37% (GRPO) and 34% (DPO), the worst of any
scale, while at 7B it recovers to 82% and 52%.
Conditioned on producing at least one parseable
answer, 3B self-consistency is .61 (GRPO) and .63
(DPO), close to the corresponding 1.5B values (.56
and .68) rather than collapsed: the models reason
at roughly their 1.5B level and format catastroph-
ically. The 256-token generation cap compounds
the effect: reasoning that overruns the cap never
emits its closing tags. Per-model compliance rates
are listed in Appendix E.

Third, the collapse largely lifts under full-
precision (bf16) re-evaluation. Under 4-bit in-
ference GRPO-3B scored .055 (pseudo-)greedy
accuracy and .120 self-consistency; our bf16 re-
evaluation of the same adapter on the same ques-
tions reaches .265 and .530 respectively. The sub-

stantial recovery under bf16 evaluation suggests
that precision-related format instability contributed
to the 3B degradation. This also explains why
the 3B comparisons change direction between the
two evaluations, most consequentially entailment,
which the 4-bit evaluation’s format failures had
driven to near-zero for GRPO and which flips
to a significant GRPO advantage (.427 vs. .176,
p < 10~!1) once formatting recovers.

This reframes the intuitive interpretation (‘“hy-
perparameter sensitivity at a capacity threshold”):
uniform hyperparameters did hurt the 3B models,
but primarily by destabilizing their output format-
ting, and metrics that gate on format then amplified
the damage. Evaluations of tag-constrained models
should report format-compliance rates alongside
accuracy.

5.3 Judge Agreement

Replacing the initial Gemma-3-27B judge with
GPT-5-mini shifts absolute scores substantially (at
1.5B, GRPO’s judge score rises from .120 to .375),
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Figure 3: GRPO per-step answer-correctness reward by
model size (bold: exponentially smoothed; faint: raw
logged steps; from released trainer states). The 3B run
earns intermediate reward, inconsistent with a training-
time capability collapse.

underlining that a single judge’s absolute scale is
not meaningful across studies (Thakur et al., 2025).
Across the eight systems, the two judges agree at
the coarse level (Kendall 7 = .71, p = .014; Spear-
man p = .83; Figure 4): both rank the 14B models
on top and Gemma is systematically harsher on
small-model outputs. Because Gemma scored the
initial 4-bit generations and GPT-5-mini the bf16
ones, this comparison changes the judge and the
evaluation setting together; the system-level rank-
ing is what the two runs share.

Where the judges disagree is instructive. A head-
line judge result, GRPO-14B beating DPO-14B by
+.172 (.748 vs. .576) under Gemma, does not repli-
cate under GPT-5-mini, which scores the pair as
a statistical tie (.711 vs. .740, p = 1.0). A judge-
score gap between two strong systems can thus fail
to survive a change of judge. System-level conclu-
sions in this paper rest on judge scores only where
both judges agree; we treat LLM-judge output as a
ranking signal, not a calibrated quantity, and never
as a faithfulness measure on its own.

Two further limits of this protocol deserve nam-
ing. Both judges apply the same five-level rubric
(Appendix C), and its adjacent levels separate on
wording that a human rater might also find hard to
apply consistently; the coarse, system-level agree-
ment we observe is consistent with that. More fun-
damentally, agreement between two judges bounds
reliability but cannot arbitrate disagreement: when
the judges diverge, nothing in our protocol says
which one is closer to the truth, and neither judge,

[
(=)
1

® GRPO
® DPO

e
co
1

P 14B
7B 14B ®
°

e
=]
1

0.4 -

02 'BB' L]

GPT-5-mini (re-evaluation)

0.0 A 1 1 1 I 1
0.0 0.2 0.4 0.6 0.8 1.0

Gemma 3 27B (original eval)

Figure 4: System-level judge agreement: each point is
one fine-tuned model, scored by Gemma-3-27B on the
initial 4-bit generations and by GPT-5-mini on the bf16
re-evaluation. Judges agree on coarse ranking (7 = .71)
but not on the 14B GRPO-DPO gap.

nor the NLI scorer, has been calibrated against
human judgments on this data. A small human-
annotated anchor set, or a third judge for majority
adjudication, would turn the protocol from a robust-
ness check into a validation; it is the clearest next
step, and we have not taken it.

5.4 Accuracy x Entailment Quadrants

Crossing self-consistency correctness with entail-
ment (threshold .5) splits the 200 questions into
four outcomes (Figure 5). At 1.5B the two meth-
ods occupy strikingly different regions. GRPO’s
errors are dominated by internally consistent mis-
takes: 28.0% of its questions land in the wrong-
but-entailed quadrant (the model states reason-
ing that genuinely supports its incorrect answer)
versus only 7.0% for DPO. DPO instead concen-
trates in correct-but-not-entailed: 35.0% of its ques-
tions are answered correctly with stated reasoning
that does not entail the answer (GRPO: 24.0%),
and its wrong answers overwhelmingly come with
non-entailing reasoning too (31.5% wrong-and-not-
entailed vs. GRPO’s 16.5%).

The interpretation cuts both ways, and we re-
sist declaring a winner from this quadrant alone.
GRPO’s profile is what one expects from a model
whose answers are coupled to its stated reasoning:
when the reasoning goes wrong, the answer follows
it, a transparent and auditable failure. DPO’s pro-
file is the signature of decoupling: answers (right or
wrong) are produced with reasoning that does not
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entailed outcomes per model (share of 200 questions;
direct labels are percentages).

support them, consistent with preference-pair train-
ing teaching answer style rather than reasoning—
answer dependence. For oversight purposes, the
DPO pattern is arguably the more concerning one
(a monitor reading DPO’s reasoning learns lit-
tle about where its answers come from), while
GRPO’s wrong-but-entailed cases are the classic
“fluent-but-wrong” risk: persuasive rationales for
incorrect conclusions.

Scale changes the magnitudes but not the
asymmetry. GRPO’s wrong-but-entailed share
shrinks steadily as accuracy improves (28.0% —
18.5% — 8.5% — 3.0% from 1.5B to 14B), so
the fluent-but-wrong risk is predominantly a small-
model phenomenon. DPO’s decoupling, by con-
trast, does not fade with scale: a majority of its
correct answers go unentailed at every scale (57—
78%, against GRPO’s 43-50%), and at 14B, 60.5%
of its questions are answered correctly with stated
reasoning that does not entail the answer (GRPO-
14B: 46.0%). Appendix D shows a representative
pair: DPO lists correct intermediate steps but never
completes the derivation, so its (correct) answer is
asserted rather than derived.

5.5 Maetric Correlations

Correlating accuracy metrics over eight model-
level aggregates (n = 8) would suggest r > .85,
but n = 8 cannot support such a claim. Example-
level correlations over all per-question data (n =
1,600 method—question pairs) paint a more infor-
mative picture: the accuracy family does cohere

(self-consistency x pass@1: Spearman p = .62;
X consistency ratio: p = .56; x judge: p = .54;
all p < 107199, but entailment correlates only
weakly with all of it (entailment x self-consistency:
p = .33; X consistency ratio: p = .26; x judge:
p = .24). Entailment and judge scores, both called
“faithfulness” metrics in prior work, share under 6%
of rank variance: they measure different constructs,
and studies should not treat them as interchange-
able.

6 Discussion

What the comparison actually shows. Once
per-example uncertainty is accounted for, the
GRPO-DPO contrast is not a uniform quality gap
but a dissociation along the reasoning—answer link.
GRPO (trained by sampling full reasoning traces
and rewarding their format along with the correct-
ness and numerical validity of the answers they
reach) produces rationales that entail its answers,
significantly at every scale, with margins between
+.14 and +.31. DPO (trained to prefer whole
responses) produces stable, well-styled answers
whose stated reasoning frequently fails to support
them, and this decoupling persists at every scale, in-
cluding where accuracy converges. The mid-scale
accuracy sweep (GRPO wins everything at 7B) nar-
rows to parity at 14B, where a single-judge quality
gap turns out not to replicate across judges: what
survives at the largest scale is precisely the entail-
ment advantage, consistent with GRPQO’s training
signal being computed on sampled reasoning traces
while DPO’s never is.

Practical guidance. For deployments where the
reasoning trace will be read (audit pipelines, tu-
toring, any oversight setting), GRPO-style reward
shaping on the trace is worth its extra compute
and tuning fragility: of the two recipes it is the
one that yields the stronger reasoning—answer link
at every scale, in the entailment sense this paper
measures (see Limitations). Where only answer
accuracy matters and compute is constrained, DPO
is competitive at 14B (all accuracy metrics tie ex-
cept self-consistency) at lower training cost, since
GRPO samples four responses per prompt online
whereas DPO trains offline on fixed preference
pairs. The 3B forensics adds an operational les-
son: tag-constrained evaluation without format-
compliance reporting can misdiagnose a formatting
regression as a reasoning collapse.
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Metrics for faithfulness. Neither entailment nor
judge scores certify causal faithfulness (Lanham
et al., 2023; Parcalabescu and Frank, 2024), and
our correlation analysis shows they are largely in-
dependent signals. Reporting both, with uncer-
tainty, alongside intervention-based probes where
affordable, is the defensible protocol; single-metric,
single-judge faithfulness claims are fragile in both
directions.

7 Conclusion

We compared GRPO and DPO by their effect on
reasoning—answer entailment in chain-of-thought
outputs, across four scales of Qwen2.5-Instruct,
with per-example statistical testing, two-judge
agreement analysis, and failure-mode forensics.
GRPO yields a significantly stronger link between
stated reasoning and answers than DPO at every
scale (entailment .539 vs. .319 at 1.5B, p < 10719;
491 vs. .353 at 14B, p < 1077) and sweeps all
metrics at 7B; DPO matches GRPO’s greedy and
pass@1 accuracy at 14B but leaves its answers
decoupled from the reasoning it states. The 3B
collapse exhibited by both methods is largely at-
tributable to output-format failure rather than a loss
of reasoning capability, and a headline 14B judge
gap does not survive re-evaluation with a second
judge. Future work includes adaptive hyperparam-
eters for small scales, causal faithfulness probes
during training, a human-annotated anchor set to
calibrate the automatic scorers, reward terms that
explicitly penalize reasoning—answer decoupling,
and replication beyond this model family and be-
yond mathematical reasoning.

Limitations

Our comparison covers one model family
(Qwen2.5-Instruct) and one domain (grade-school
math); conclusions may not transfer to other archi-
tectures or reasoning tasks. We chose the family
for the reasons given in §3.2, and it has since been
superseded within its own line (Yang et al., 2025);
cross-family replication is the most direct extension
of this work. The two training arms differ in LoRA
rank, epochs, checkpoint selection, and data format
(83.2); we frame the comparison at the recipe level
and report all settings, but objective-level causal at-
tribution would require a full ablation grid. Our en-
tailment and judge metrics measure whether stated
reasoning supports the stated answer and how plau-
sible it appears, necessary but not sufficient condi-

tions for causal faithfulness (Jacovi and Goldberg,
2020); we ran no intervention-based probes such
as CoT truncation (Lanham et al., 2023). The en-
tailment quadrants use a fixed .5 threshold; shares
shift with the threshold although the GRPO-DPO
asymmetry does not. Training used 4-bit QLoRA,
whereas the reported re-evaluation used bf16 base
models, which should be considered when compar-
ing absolute scores with the initial 4-bit evaluation.
Each method is represented by a single training run
per scale, so our confidence intervals and p-values
capture variation across the 200 test questions, not
across training seeds; seed-level replication would
be needed to generalize fully to the methods rather
than to these specific checkpoints. We also report
no untuned base-model baseline, so absolute lift
over vanilla Qwen2.5-Instruct is out of scope. Fi-
nally, evaluation uses 200 test questions with k = 5
samples; while sufficient for the paired tests we re-
port, larger samples would tighten the intervals.

No human evaluation backs the automatic met-
rics. The NLI scorer was not validated on this
dataset, and neither judge was calibrated against
human raters; the two-judge protocol detects dis-
agreement but cannot resolve it (§5.3). Findings
that rest on judge scores are therefore weaker than
those that rest on accuracy or entailment, and we
use them only where both judges agree.

We also ran no contamination audit. GSM8K
predates the Qwen2.5 pretraining corpus and is
among the most heavily scraped benchmarks; over-
fitting to it is documented (Zhang et al., 2024). Con-
tamination would inflate absolute accuracy, and it
bears on entailment too: a model that can retrieve
an answer without deriving it only needs to nar-
rate toward that answer, so entailment would partly
measure narration quality rather than derivation.
Two features of the design limit the damage to our
comparative claims. Both arms fine-tune the same
base and are evaluated on the same 200 items, so
any contamination is matched across the compari-
son, and the entailment gap persists on questions
the models answer incorrectly (§5.4), where mean
entailment is .54 versus .18 at 1.5B and .43 ver-
sus .10 at 14B and a memorized answer cannot
be supplying the result. Absolute scores should
nevertheless be read with this caveat.

Ethics Statement

This work aims to improve the transparency and
auditability of LLM reasoning. It uses only pub-
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licly available datasets of math word problems; no
human subjects or personal data are involved. Post-
training that strengthens the reasoning—answer link
can reduce the risk of models presenting rationales
disconnected from their answers in high-stakes ap-
plications. Two caveats temper this: entailment-
style metrics can be optimized to make reasoning
appear faithful without guaranteeing causal faith-
fulness, and training the eight models carries a
compute and energy cost.

Data Availability

GSMSK and the DPO preference set are publicly
available at their original sources. We release the
complete evaluation pipeline, per-example records
for all 9,600 generations scored in this paper (8
models x 200 questions X 6 generations), aggre-
gate result tables, GRPO trainer states, and all eight
LoRA adapters: code and data at https://github
.com/mohammadi-hadi/grpo_dpo_comparison,
adapters at https://huggingface.co/hadimh9
3/qwen2.5-gsm8k-grpo-dpo-adapters.
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A Dataset and Format Examples

GRPO training format. Question: ‘“Natalia sold
clips to 48 of her friends in April, and then she sold
half as many clips in May. How many clips did
Natalia sell altogether in April and May?”

<start_working_out>

Natalia sold 48/2=24 clips in May.
Total: 48+24=72 clips altogether.
<end_working_out>
<SOLUTION>72</SOLUTION>

DPO preference pair. Prompt: “Mr. Sam
shared money between Ken ($1750) and Tony
(twice Ken’s amount). Total shared?” Rejected:
claims “insufficient information” despite having all
data. Chosen: correctly calculates 2 x $1750 =
$3500, total = $5250.
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GRPO DPO
LoRA rank / a 16/32 32/64
Learning rate 5x107° 5% 1076
Epochs <1 (ckpt. 0.25-0.5) 3 (best val.)
Batch generations 4 per prompt n/a
153 n/a 0.1
Max seq. length 1024 1024
Optimizer AdamW 8-bit AdamW 8-bit
Precision 4-bit QLoRA 4-bit QLoRA

Table 2: Training hyperparameters per method.

B Hyperparameters

Models were trained with Unsloth 4-bit QLoRA on
CUDA GPUgs; per-run trainer states are in the re-
leased logs. The GPT-5-mini judge model version
and both judges’ decoding settings are recorded
with the released code.

C Prompts and Judge Rubric

Evaluation prompts. Each model is prompted
with the same raw pseudo-tag template used in its
training: a system message specifying the tag for-
mat, the question as user message, and an assistant
prefix opening the reasoning tag.

Judge rubric (identical for both judges):

Evaluate this mathematical solution on a scale of
1-5: [problem, student reasoning, student answer,
correct answer ]

1 = Poor reasoning AND wrong answer; 2 =
Some logical steps but significant issues OR good
reasoning with wrong answer; 3 = Generally
sound reasoning with minor issues, answer may
be wrong due to arithmetic errors; 4 = Strong rea-
soning with very minor flaws, correct or nearly
correct answer; 5 = Excellent reasoning with cor-
rect answer.

Respond with only a number from 1 to 5.

D Qualitative Example

One sampled generation per method for the same
1.5B test question, lightly cleaned from the released
per-example data (calculator annotations removed,
elisions marked), illustrating the coupling contrast
of §5.4 at the level of single generations. Question:
Stephen’s grocery order came to $40.00; the deliv-
ery vendor adds a 25% fee and a $3.00 delivery
charge, and Stephen adds a $4.00 tip. Gold answer:
57.

GRPO (wrong but entailed; entailment .85).
The model makes one modeling error (applying the
25% fee after adding the delivery charge and tip)
and then carries its own reasoning through to the
answer it states:

The grocery bill itself is $40.00. The
delivery fee was $3.00 so that makes $40
+ $3 = $43. The tip was $4.00 so now we
have $47. But there was a 25% service
charge on top of that which means we need
to calculate .25%47 = $11.75. So our
final cost is $47 + $11.75 = $58.75.. . .
[answer: 58.75]

DPO (correct but not entailed; entailment
.002). The model lists all the correct components
but never completes the derivation; the correct an-
swer is asserted, not derived from the stated reason-
ing:

1. The delivery vendor adds a 25%
fee. .. 25/100 * $40.00 = $10.00. 2. In
addition. . . there were $3.00. .. the
new total before adding the tip would be
$40.00 + $3.00 + $10.00. 3. Finally, we
add the $4.00 tip. . . 4. Let’s calculate
the total after all these additional

charges: $40.00 + $3.00 + $10.00 + $4.00.
[reasoning ends; answer: 57.00]

The NLI scorer cannot entail “The final answer is
57 from reasoning that stops before summing, an
honest reflection of the decoupling pattern: DPO’s
answers appear alongside supporting computation
rather than as its conclusion.

E Additional Results

Format-compliance (parseable-answer) rates per
model, sampled generations / greedy pass: GRPO
.84/.90 (1.5B), .37/.40 (3B), .82/.84 (7B),
.86/.95 (14B); DPO .57/.60 (1.5B), .34/.28 (3B),
.52/.58 (7B), .75/.80 (14B). GRPO’s format re-
wards yield higher compliance at every scale; both
methods crater at 3B (§5.2). Full per-example
records, the complete significance table, and the
initial 4-bit aggregates are in the released data.
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