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Abstract

Existing work on numerical reasoning typically
interprets incorrect outputs as failures of rep-
resentation or computation. We instead study
the recoverability of numerical errors: whether
a correct answer remains accessible when con-
sidering a model’s intermediate layers or lower-
ranked tokens despite an incorrect final out-
put. Across eight open-source language mod-
els, we find that on average 30% of arithmetic
failures remain recoverable beyond standard de-
coding, indicating that some numerical errors
arise from selecting the wrong token rather than
failing to compute it altogether. However, this
recoverability is not universal. As arithmetic
complexity increases, the correct answer pro-
gressively disappears not only from the model’s
final prediction but also from alternative candi-
dates and intermediate computations, revealing
the limits of decoding-based recovery. Finally,
we show that recoverable and unrecoverable
failures exhibit distinct predictive dynamics
with regard to probability and rank behaviour
in intermediate layers, providing insight into
when interventions such as adaptive decoding
or post-generation correction are likely to suc-
ceed. Overall, our findings characterise both
the opportunities and limitations of exploiting
latent numerical information during generation.

1 Introduction

Numbers are a ubiquitous part of natural language.
Humans use numbers to enhance communication
(Chrisomalis, 2010) and therefore numbers com-
plement language, for example, in areas such as
cooking recipes, weather forecasting and finance.
However, arithmetic reasoning presents a unique
challenge to Large Language Models (LLM) com-
pared to many natural language generation tasks
(Li et al., 2025). It requires models to understand
the meaning of individual digits and their com-
position into multi-digit numbers (Gued;j, 1996),
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Figure 1: Recoverable decoding trajectories for model
breadth, top-%k (top) and depth, multi-layer (bottom).
Green cells denote correct tokens and red cells denote
incorrect predictions, with alternative paths that gener-
ate correct answer shown.

execute rigid rule-based algorithms to process num-
bers, and express the output of such computation
into multi-digit numbers. This can be summarised
as: (a) understanding the input, (b) performing the
computation, and (c) generating the answer. Unlike
open-ended generation tasks such as translation
(Kocmi et al., 2022) and summarisation (Goldsack
et al., 2022), arithmetic reasoning typically admits
a single canonical answer. Consequently, master-
ing arithmetic reasoning is essential for broader
natural language generation applications, particu-
larly data-to-text generation (Moosavi et al., 2021),
where LL.Ms must accurately translate raw non-
linguistic numerical sources into reliable textual
reports.

Despite advances in numerical representations
(Zhou et al., 2025; Sivakumar and Moosavi, 2025;
Golkar et al., 2023; McLeish et al., 2024), inter-
pretability (Bertolazzi et al., 2025; Mamidanna
et al., 2025; Christ et al., 2025; KadI¢ik et al., 2025;
Nikankin et al., 2025), and number generation ob-
jectives (Fei et al., 2025; Zausinger et al., 2025;
Wallace et al., 2019), it remains unclear whether
numerical errors arise because the information re-
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quired to generate the correct answer is absent from
the model’s predictive distribution or because it is
simply not prioritised by standard decoding. We
refer to this property as recoverability: the extent to
which a correct answer remains accessible within
the model’s predictive process despite an incorrect
final output. Understanding recoverability allows
us to distinguish between failures that can poten-
tially be corrected through alternative decoding tra-
jectories and failures that reflect limitations arising
earlier in the model’s processing.

The generation literature has established that
decoding behaviour is shaped by task likelihood.
For text generation, different decoding strategies
have been explored to combat text degeneration and
improve factuality and diversity (Holtzman et al.,
2020; Chuang et al., 2024; Li et al., 2023; Shi et al.,
2024). Numerical reasoning, however, has received
comparatively little attention from this perspective,
leaving open the question of how much numerical
performance is limited by the model’s predictions
versus the decoding process that realises them.

In this work, we investigate the recoverability of
numerical errors by expanding the predictive space
available during generation. We explore two com-
plementary axes: depth, by considering predictions
from intermediate layers via early exit, and breadth,
by considering lower-ranked candidates from the
final layer’s output distribution'. Using the FER-
MAT dataset (Sivakumar and Moosavi, 2023), we
analyse arithmetic problems spanning different
operand formats, operations, results length, within
both symbolic and worded problems.

Our analysis reveals that numerical failures arise
from multiple mechanisms rather than a single de-
ficiency in arithmetic reasoning. Out of the failures
cases using standard search, on average 30% of
the time, the information required to generate the
correct answer already exists beyond the model’s
final prediction, indicating that errors can originate
from how models select and realise numerical in-
formation during generation. However, this recov-
erability is not universal. As arithmetic complexity
in terms of operand and result length as well as op-
eration difficulty increases, the correct answer grad-
ually disappears not only from the final prediction
but also from intermediate-layer outputs and lower-
ranked alternatives, suggesting a transition from
recoverable generation failures to failures rooted in

'Our codes and sample results are made pub-
licly available at https://github.com/jasivan/
Decoding-Path-Recovery.

the model’s computation. Furthermore, we find that
recoverable information is concentrated at particu-
lar generation stages, candidate ranks, and model
layers, exposing structured patterns in how numeri-
cal errors emerge during generation. Overall, these
findings characterise the limits of decoding-based
interventions for arithmetic reasoning and provide
a principled framework for distinguishing genera-
tion failures from computation failures.

2 Related Work

2.1 Improving Numerical Representations

In standard LL.Ms, numbers are typically treated
as discrete word tokens, subject to the same dis-
tributional training objectives as natural language
(Wallace et al., 2019). This discrepancy often re-
sults in a significant number gap, where models
fail to generalise across arithmetic or real-world
contexts (Li et al., 2025). Several works aim to
close the number gap by proposing alternative en-
coding schemes. These include mapping numbers
via Fourier features (Zhou et al., 2025), utilising
dedicated vector-based encodings for numerical
values (Golkar et al., 2023), incorporating relative
digit positions to preserve structural information
(McLeish et al., 2024), or aggregating digit-level
embeddings into unified numerical representations
(Sivakumar and Moosavi, 2025).

Some works explore rewriting numbers in differ-
ent formats in text: decomposing numbers into
each base 10 contribution (Muffo et al., 2022),
adding the number of digits of a number as an extra
signal (Schwartz et al., 2024), writing the numbers
in standard form (Zhang et al., 2020). Conversely,
a recent work on pre-training (KadICik et al., 2025)
shows that within the embedding space pre-trained
models have remarkable representations for num-
bers, suggesting that models do not need a spe-
cialised number representation.

Moreover, despite the large body of work on
number representation both implicitly within the
model and explicitly in the input, most LLMs still
use pre-trained learning of digits or numbers as
their number representations. As an alternative
to the widely used Byte-Pair Encoding (Sennrich
et al., 2016), two schools of thought are employed
in contemporary LLMs, on one side digit-level rep-
resentation where each number is tokenised into
individual digits (Spithourakis and Riedel, 2018)
as with models like Qwen3 (Yang et al., 2025),
Mistral 7B (Jiang et al., 2024) or Gemma2 (Team
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et al., 2024); this allows a human-like tokenisation
of numbers. Alternatively, models like Llama-3
(Grattafiori et al., 2024), GPT-4 (Achiam et al.,
2023) or DeepSeek (Guo et al., 2025) use unique
tokens for all numbers from O to 999 to find an
optimal trade-off between compression of numbers
and unique representations (Dagan et al., 2024). By
exploring both Qwen3 and LLama-3, we ensure to
better understand number generation under both
tokenisation schemes.

2.2 Diagnosing Numerical Computation

The literature explores the drawbacks that LLMs
have in numerical reasoning by explicitly measur-
ing the entire process via carefully curated datasets:
FERMAT (Sivakumar and Moosavi, 2023) looks
at different number representation and operation
for worded maths problems to show that LLMs
struggle working with numbers that are not seen in
training, fail to maintain performance on symmet-
ric commutative problems or multi operation ques-
tions. Yan et al. (2025) specifically test addition to
show that for simple alteration, such as symbolic
mapping of digit to letters, the performance drops,
implying that models are pattern matching and not
performing robust rule induction. NumericBench
(Li et al., 2025) highlight the weakness of LLMs
like GPT4 and DeepSeek to operate with numbers
in real-life settings even when evaluated on simple
tasks like number recognition or comparison.
Beyond using datasets to evaluate the entire
model pipeline, some research focuses on the inter-
nal mechanism of the models. Mechanistic inter-
pretability on one-hand suggest that model’s arith-
metic computation occurs in higher layers, but val-
idation of answers is carried out by middle layers
(Bertolazzi et al., 2025), on the other hand, Mami-
danna et al. (2025) find that arithmetic logic ap-
pears to crystallise only at the last token. Similarly,
(Baeumel et al., 2025) use logit lens to observe that
models identify arithmetic task in earlier layers
but only produce a correct generation in the final
layer. In a parameter analysis, Christ et al. (2025)
demonstrate via pruning and scaling that specific
parameters are dedicated to mathematical logic.
Despite evidence of internal arithmetic capabil-
ity, models frequently default to non-robust rea-
soning where model memorise reasoning steps and
unsuccessfully apply them to perturbed problems
(Kang et al., 2025). Other work suggests that mod-
els possess circuits that learn simple heuristics used
to solve arithmetic problem (Nikankin et al., 2025).
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2.3 Improving Numerical Outputs

To improve numerical outputs, specialised number-
aware objectives have been proposed, including
multi-number-token contrastive loss (Petrak et al.,
2023), weighted digit embedding loss (Sivakumar
and Moosavi, 2025) or a magnitude and edit dis-
tance inspired loss (Fei et al., 2025). Alternatively,
some research reformulates predicting numbers as
aregression task (Wallace et al., 2019; Zausinger
et al., 2025). Nonetheless, existing number gen-
eration research remains largely focused on data-
centric solutions to improve reasoning in the form
of pre-training, fine-tuning and reinforcement learn-
ing (Chen et al., 2025; Akter et al., 2026; Shao et al.,
2024; Zhang et al., 2026; Havrilla et al., 2024).
Some works curate datasets to improve specifi-
cally on certain domains within numerical reason-
ing (Mishra et al., 2022; Sivakumar and Moosavi,
2023; Akter et al., 2026) or self-improve by train-
ing on errors (Yu et al., 2025). Improvements
have also been achieved through reasoning strate-
gies such as chain-of-thought (Wei et al., 2022),
self-consistency (Wang et al., 2023), program-of-
thought (Chen et al., 2023), and thinking tokens
(Goyal et al., 2024). In this work, rather than in-
troducing additional supervision, reasoning trajec-
tories, or external computation, we focus on un-
derstanding and exploiting the information already
present within the model’s predictions.

Many different limitations and diagnostic be-
haviours have been identified by the community,
however, these studies primarily focus on under-
standing the representations, heuristics, internal
computations underlying arithmetic reasoning, and
enforcing the output via objective functions. In con-
trast, we investigate the information available dur-
ing generation itself and the extent to which numer-
ical errors remain recoverable within the model’s
predictive space.

3 Experimental Setup

Search Space Extension Standard autoregres-
sive decoding generates outputs by repeatedly se-
lecting tokens from the probability distribution pro-
duced by the model’s final layer. To expand this
predictive space while remaining grounded in the
model’s internal computations, we consider token
predictions derived from both model depth and
breadth. For depth, the candidate set consists of the
single predictions from every intermediate layer.
To map intermediate latent information into token



predictions, we employ an ‘early-exit’ strategy that
extracts the hidden state of an earlier layer, applies
a normalisation if necessary, and passes it through
a softmax function to project the distribution onto
the vocabulary, yielding one candidate token per
layer. We also refer to this intervention as multi-
layer (ML). For breadth, the candidate set consists
of the top-k tokens from the final layer’s output
distribution. We refer to this intervention as TK,
and unless stated otherwise, use k = 5.

Oracle Decoding We evaluate depth and breadth
independently to isolate their respective contribu-
tions. As illustrated in Figure 1, at each generation
step, we check whether the gold token is present
in the candidate set. If the gold token is absent,
reconstruction fails. Otherwise, the gold token is
fed back into the model as context for the subse-
quent prediction step. A prediction is considered
recoverable only if the complete target sequence
can be reconstructed in this manner.

Metrics To evaluate the accuracy of number gen-
eration, we select three metrics to evaluate different
granularity of the predictions (see Appendix A.1
for formulae of each metric). String accuracy is a
binary metric that compares the gold number and
predicted number as float-point values, this is the
most realistic metric as the answer is only correct
if the number produced is equivalent to the gold an-
swer. For a more forgiving and fine-grained metric,
we use digit accuracy which computes a character
level accuracy over the length of the gold answer.
This provides insight into the number generated
and how close it is to the gold number. Lastly, in-
stead of focusing on the digit being predicted, we
look at how many digits are predicted, therefore,
we use digit mean absolute error (DMAE) to look
at the difference in the number of digits predicted
and expected.

Dataset To investigate the areas of numerical
reasoning that a deeper and broader search space
could improve, we consider the following: dif-
ficulty of questions, question format, and input
numbers. To conduct our analysis on various axes,
we choose the FERMAT (Sivakumar and Moosavi,
2023) dataset. We opt for simple arithmetic ques-
tions to be able to work with both smaller and larger
models. Therefore we filter the dataset to obtain
102 problems for each basic operation (addition,
subtraction, multiplication, division). We evaluate
both symbolic equations and their worded question

counterparts. Lastly, we use six of FERMAT’s in-
put number subgroups: 2 digit, 3 digit, 4 digit, 4+
digit, 1 decimal place, and 2 decimal place, these
take the same questions but replace the numbers
to satisfy their subgroup description giving a to-
tal of 102 x4 x6=2448 symbolic and 2448 worded
problems. Examples of different questions from
FERMAT are shown in Appendix A.2, Table 3.

We further stratify these evaluation instances by
their gold digit count (total number of digits in the
ground-truth answer). This mapping spans a dis-
tribution of answers ranging from 1 to 12 digits
(see Appendix A.3, Table 4), allowing us to exam-
ine how model accuracy is directly impacted as
numerical length varies.

Models For a comprehensive investigation, we
select two open-source model families: Llama-3.2
{1B, 3B}, Llama-3.1 8B (Grattafiori et al., 2024)
and Qwen3 {0.6B, 1.7B, 4B, 8B, 14B} (Yang et al.,
2025). A key difference between the two fami-
lies, particularly pertinent to our research, lies in
their treatment of numerical tokens. Qwen3 mod-
els use digit tokenisation, so they only have the ten
number tokens [0] to [9], whereas LLlama-3 mod-
els use multi-digit tokenisation by expanding the
vocabulary to include multi-digit chunks such as
{“0’, ..., ‘9’, ‘@0’, ..., ‘99’, ‘Q00’,

., “999’3}2. This structural breakdown allows
us to isolate how digit and multi-digit tokenisation
impact number generation.

Numerical Emergence To understand when
models begin representing numerical informa-
tion during generation, we analyse the proba-
bility mass assigned to numeric tokens across
layers. We define numeric tokens as vocabu-
lary items composed exclusively of the characters
{'e', ..., '9', '.', ', '} and use their cu-
mulative probability mass as a coarse indicator of
numerical focus within the predictive distribution.

Confidence Dynamics Recoverability evaluation
captures whether the correct token exists within the
predictive space, but not how strongly it is repre-
sented. To distinguish near-miss predictions from
fundamentally incorrect trajectories, we analyse
the probability assigned to both gold and predicted
tokens across layers. This allows us to characterise

%For instance, predicting 1234 would be in four step [ ‘1,
€27, ¢37, ‘4’7 under digit tokenisation, but in two, [ €123’
¢4’ ] under the multi-digit approach.
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Figure 2: Distributions of all model’s average correct generation across different recoverability categories: Baseline
(correct under standard decoding), Recovery (recoverable through intermediate-layer predictions or top-5 candidates),
and None (not recoverable under either strategy). The distribution share is stratified horizontally by subgroups (left),
operations (middle), and gold digit count (right) for symbolic equations with raw counts inside each bar segment.

Table 1: Paired Statistical Significance Matrix: Oracle
Interventions vs. Base Controls (N = 2448, all p-
values range from 1.9073 x 1079 to 1.0977 x 107154)

the competition between correct and incorrect can-
didates during generation.

Generation Stages Number generation can be

broken up into three stages: initiation, continua-  Question BASE vs. ML BASE vs. TK
. d . . I .. d Format A Acc. McNemar A Acc. McNemar
tion, and termination. Initiation corresponds to Quend 068 +3.19% v T2576% v
predicting the first numeric token, continuation to P e A i v
1 1 111 Symbolic  Qwen3-8B +4.62% v +11.03% v
generating subsequent numeric tokens conditioned Eution Omosifs sator v i35 v
on an existing numerical prefix, and termination to Lama32-1B +306% v +13.19% v
.. . . . Llama-3.2-3B  +6.54% (4 +10.25% (4
transitioning from numeric to non-numeric outputs Lamas 188 4605% v 666% v
after the answer has been completed. This decom- Qwen3-06B  +082% v +8.29% v
. ] . ] Qwen3-1.7B  +1.92% v +1.72% v
position allows us to identify which stages benefit Qwen3-4B  +2.29% v +8.54% v
Worded Qwen3-8B +2.82% (4 +6.54% v
most from broader or deeper search spaces. Questions  Qwen3-14B  +5.15% % +9.15% v
Llama-3.2-1B  +3.02% (4 +12.91% v
Llama-3.2-3B +4.90% v +7.97% v
4 Results Llama-3.1-8B  +6.17% v +8.58% v

v Statistically Significant (p < 0.05).  X: Statistically Non-Significant (p > 0.05).

Our analysis addresses three questions: (i) which
numerical failures remain recoverable beyond the
final prediction, (ii) under what conditions this re-
coverability disappears, and (iii) whether recov-
erable failures can be identified from predictive
dynamics.

Averaged across all models, TK improves sym-
bolic equations and worded questions by 13.73%
and 8.73%, respectively, while ML yields smaller
but consistent improvements of 4.18% and 3.39%.
Therefore, models frequently produce information

4.1 Recoverable Numerical Failures

To determine whether arithmetic failures originate
from computation or generation, we first investi-
gate whether the correct answer remains recov-
erable beyond the model’s final prediction. Ta-
ble 1 compares baseline decoding against recover-
able depth (ML) and breadth (TK) interventions
across all evaluated models. Extending the predic-
tive space reveals substantial latent recoverability.

that could lead to the correct answer, but this infor-
mation is not selected by standard decoding.

To verify that these improvements are not driven
by random alternatives, we perform paired McNe-
mar tests on string-level accuracy (Table 1). Both
ML and TK improvements are statistically signifi-
cant across all settings, showing that the recovered
tokens correspond to meaningful competing predic-
tions rather than noise within the output distribu-
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Figure 3: Division accuracy stratified by the number of digits in the gold answer across symbolic problems (top)
and worded problems (bottom). Performance is evaluated across three FERMAT subgroups (2 digit, 4 digit, 1dp)
comparing Qwen3-8B and Llama-3.1-8B models alongside the Qwen3-4B and Llama-3.2-3B variants.

tion. These findings indicate that, for an average of
30% across all models of our arithmetic problems,
the information required to generate the correct an-
swer already exists within the model’s predictive
space but fails to be prioritised during decoding.

4.2 Limits of Recoverability

Recoverability is not uniformly distributed across
arithmetic problems. Figure 2 shows that the
largest gains occur for shorter outputs and sim-
pler operations. For two-digit answers, extending
the search space improves accuracy by about 11%
for both symbolic equations and word problem:s.
Addition and subtraction reach more than 85% on
average across all models under oracle decoding.
However, this recoverability rapidly diminishes
as arithmetic complexity increases. As answer
length grows, the correct answer progressively dis-
appears not only from the model’s final predic-
tion but also from intermediate-layer outputs and
lower-ranked alternatives, as seen in Figure 2’s
right plot. Beyond approximately six digits which
reaches at least 50% accuracy, the opportunity for
decoding-based recovery becomes increasingly lim-
ited, suggesting a transition from generation fail-
ures to limitations in the model’s underlying com-

putation. This transition is particularly pronounced
for multiplication, division, and larger operand cat-
egories, which dominate the unrecoverable subset
across both symbolic equations and word problems.

Nonetheless, when we compare string- and digit-
level gains to determine how ML and TK alter nu-
merical predictions. For symbolic equations, ML
improves string accuracy by 4.18% but digit ac-
curacy by only 1.34%, whereas TK yields more
comparable gains of 13.73% and 12.63%, respec-
tively (as shown in Appendix A.4 in Table 5 and
Table 6). This suggests that ML often changes a
limited portion of an otherwise plausible answer,
while TK can introduce a substantially different
numerical continuation. Despite both interventions,
the correct numerical trajectory itself is at times
missing from the predictive space.

Tokenisation appears to impact where this per-
formance breakpoint occurs. Llama models, which
rely on multi-digit numeric tokens, deteriorate
sharply once answers span multiple numeric tokens,
whereas Qwen’s digit tokenisation remains substan-
tially more robust on longer outputs. This suggests
that token granularity can significantly influence
the accumulation and propagation of numerical er-
rors during generation, as shown in Figure 3
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Table 2: Percentage of evaluation instances recovered
by top-k (TK) and multi-layer (ML) oracle interventions
at each generation stage.

Model TK Recoveries ML Recoveries
Init. Cont. Term. Init. Cont. Term.
Llama-3.1-8B 26.0% 6.3% 0.9% 11.9% 2.7% 0.5%
Llama-3.2-1B 29.8% 6.2% 0.6% 54% 1.6% 0.6%
Llama-3.2-3B 26.9% 7.0% 0.6% 13.2% 1.9% 0.5%
Qwen3-0.6B  23.6% 3.3% 0.0% 0.0% 0.0% 0.0%
Qwen3-1.7B  12.6% 2.0% 0.2% 0.0% 1.0% 0.1%
Qwen3-14B  19.6% 3.4% 13% 81% 1.7% 0.4%
Qwen3-4B 14.5% 3.2% 0.3% 0.0% 0.6% 0.0%
Qwen3-8B 12.8% 4.3% 0.6% 1.7% 1.5% 0.3%

4.3 Predictive Signals of Recovery

Having established that some numerical failures
remain recoverable, we next examine how this re-
coverability manifests within the model’s predic-
tions. We consider three complementary signals:
the stage of numerical generation at which a correc-
tion occurs, the ranks and layers containing useful
alternatives, and the evolution of token probabili-
ties across layers and ranks.

Generation Stages To isolate where interven-
tion is most critical, we divide number generation
into initiation, continuation, and termination to
determine whether recoverable errors stem from
initial commitment (which dictates overall trajec-
tory), mid-sequence continuation (where numerical
precision is refined), or final termination (where
sequence boundaries are set).

Table 2 shows that successful recovery is con-
centrated primarily at initiation for both TK and
ML. This pattern is particularly strong for TK, for
which correcting the first numeric token consis-
tently accounts for most recoveries across all mod-
els. ML follows the same general pattern when
intermediate-layer recovery is available, although
its contribution is substantially smaller and varies
more across models. Continuation corrections oc-
cur less frequently, while termination corrections
are rare under both strategies. Nevertheless, the
digit mean absolute error (DMAE) decreases by
0.24 and 0.37 digit for ML and TK’s intervention
respectively meaning that the recoveries impact at
least the predicted digit length (see Appendix A.5,
Table 7). Overall, these results indicate that most
recoverable numerical errors arise from an incor-
rect initial commitment to a numerical trajectory
rather than from failure to terminate an otherwise
correct answer.
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Figure 5: Token-level performance across each layer
(represented as a percentage of total layer depth) for all
evaluated models on Symbolic Equations.

Informative Ranks and Layers To enable fu-
ture computationally efficient recovery systems,
we investigate which ranks and layers harbour the
most salient signal by asking how narrowly we can
bound the search space without sacrificing recovery
performance both in terms of rank and layers.

For example, although TK substantially expands
the search space, useful alternatives are heavily
concentrated among the highest-ranked candidates.
Figure 4 shows that when the top prediction is in-
correct, rank 1 (second best rank) most frequently
contains the correct alternative across all evaluated
models. Lower-ranked candidates contribute pro-
gressively less to recovery, with this concentration
becoming stronger as model size increases. Conse-
quently, much of the breadth-based recoverability
can be captured using only a small candidate set,
for instance considering the top-3 candidates alone
would already recovery up to 61.65% on average,
therefore, it would already provide most of the
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Layer Accuracy for Symbolic Equation across Generation Steps
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Figure 6: Target token accuracy as grey bars, mean prob-
ability mass of numeric tokens separated by generation
step (green for correct and red for incorrect predictions),
Qwen3-8B (top), Llama-3.1-8B (bottom)

available recoverability benefit (see Appendix A.6,
Table 8 for each top-k benefits).

Useful intermediate-layer predictions exhibit a
similar concentration across depth. Figure 5 shows
that informative predictions emerge almost exclu-
sively within the latter half of the network for all
evaluated models. However, the manner in which
this information accumulates differs substantially
across architectures. Llama models exhibit a grad-
ual increase in recoverability across successive lay-
ers, suggesting that arithmetic information devel-
ops progressively throughout the computation. In
contrast, Qwen models display a much sharper tran-
sition near the output, with useful intermediate pre-
dictions concentrated almost entirely within the
final 15% of layers.

These architectural differences help explain the
observed disparity in ML recoverability between
model families. Earlier-layer representations in
Llama remain informative over a broader portion
of the network, whereas Qwen largely commits
to numerical predictions only near the final lay-
ers. Consequently, depth-based interventions ap-
pear substantially more promising for architectures
exhibiting gradual representational refinement than
for those that defer numerical commitment to the
end.

Confidence Signals We examine internal confi-
dence signals to answer a key practical question:
Can internal model signals such as numeric prob-
ability mass, top-k margin separation, and rank
differences forecast numerical failure to possibly
trigger recovery?

Figure 6 examines the evolution of numeric-
token probability mass across layers for both cor-
rect and incorrect trajectories. For initiation pre-
diction, neither model exhibits meaningful separa-
tion until the final layers, suggesting that numer-
ical commitment occurs very late in generation.
The behaviour differs once a numerical sequence
has already been initiated. For Qwen, correct con-
tinuation trajectories begin accumulating substan-
tially more numeric probability mass several layers
before the final generation, whereas incorrect tra-
jectories remain comparatively flat until close to
the output layer. This separation emerges despite
intermediate-layer predictions themselves remain-
ing relatively weak, indicating that numeric proba-
bility mass may provide a useful confidence signal
for post-generation correction or adaptive decod-
ing.

Llama exhibits the opposite behaviour.
Intermediate-layer predictions become informative
substantially earlier, as reflected by the grey early-
exit accuracy bars, but numeric probability mass
remains highly compressed until the final layer
for both correct and incorrect predictions. Conse-
quently, raw probability mass is considerably less
informative for Llama than for Qwen, suggesting
that different architectures expose different signals
for identifying uncertain numerical predictions.

Figure 7 provides a more direct confidence signal
by comparing the probability difference between
the top two candidates across layers. For Llama
models, correct predictions consistently exhibit
larger confidence margins than incorrect predic-
tions throughout the final layers of computation. In
contrast, Qwen trajectories remain relatively simi-
lar until the final few layers, where correct predic-
tions rapidly become more confident than incorrect
ones. When looking at rank differences instead of
probabilities, we observe from Figure 8 that correct
predictions rank the chosen token higher than incor-
rect predictions showing that confidence emerges
much earlier when considering ranks. All models
have a layer where the difference is greater than 58
ranks and the 84% depth shows a consensual point
of difference for all models.

These results suggest that confidence margins
may provide a useful signal for identifying unre-
liable numerical predictions and thus triggering a
correction. Importantly, the layer at which this
signal becomes informative differs substantially
across architectures, reflecting their differing nu-
merical generation dynamics.
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Probability Difference Distribution Across Layers
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Figure 8: Rank difference between correct and incorrect
token prediction for all models across last 50% of layers

5 Conclusion

In this work, we introduced recoverability as a
lens for understanding numerical errors in language
models. Rather than treating incorrect predictions
as a single failure mode, we distinguish between
errors that remain recoverable within the model’s
predictive process and those for which the correct
trajectory is no longer accessible within the candi-
date spaces examined here. Our findings show that
recoverability is highly structured. It varies across
arithmetic tasks, output lengths, model families,
and stages of generation, and exhibits characteris-
tic signatures across candidate ranks, intermediate
layers, and confidence dynamics. These observa-
tions suggest that numerical failures differ not only

rrect Path: Top-1 vs Top-2 Margin
rrect Path: Chosen vs Gold Discrepancy (P_Top1 - P_Gold)

Symbolic Equation results with accuracy by layers in grey bars, probability difference between Top-1 and

diction, and difference between chosen and gold predictions

in severity but also in the extent to which they re-
main amenable to decoding-based intervention. We
therefore argue that future progress in numerical
reasoning may benefit from moving beyond aggre-
gate accuracy improvements towards understand-
ing the recoverability profile of different failure
modes and designing interventions targeted specifi-
cally at recoverable errors.
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Limitations

While our findings provide valuable insights into
the latent recovery pathways of numbers within
LLMs, some constraints bound our experimental
setup. In addition to general limitations such as
using different model families, testing on a range
of datasets, accounting for different number format
e.g. standard form notation of number, we highlight
some key technical limitations of our work.
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First, our evaluation relies heavily on the as-
sumption that the model generates the target nu-
merical completion as the immediate next token
sequence (see Appendix A.7). However, smaller
language models or those less optimised for strict
instruction-following often prepend conversational
fillers, introductory phrasing, or alternative struc-
tural framing. In these instances, evaluating the
absolute position of the first numerical token intro-
duces substantial noise into the pipeline, potentially
misclassifying viable generation paths due to align-
ment failures rather than computational deficits.

Second, we explicitly focus on direct genera-
tion setups, omitting the use of structured reason-
ing mechanisms such as Chain-of-Thought (CoT)
prompting or models leveraging dedicated internal
thinking tokens. It is probable that explicit multi-
step reasoning paradigms already surface and re-
solve a significant portion of the latent, recoverable
errors we capture within our search-space analysis.
By bypassing these reasoning frameworks, our re-
ported baseline recovery rates likely overrepresent
the practical hidden capacity of these systems com-
pared to environments where explicit sequential
reasoning is already deployed.

Finally, the signal dynamics, layer indicators,
and rank differences highlighted throughout our
analysis reflect macro-level mean trends aggregated
across large evaluation batches. When shifting
from an aggregate perspective to an individual to-
ken level, the operational profiles of correct and
incorrect paths might exhibit an overlap. This vari-
ance implies that while these internal features re-
main statistically distinct on average, translating
them directly into rigid, inference-time heuristics
for dynamic token routing may yield considerably
higher false-positive rates than the mean trends

imply.
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A Appendix
A.1 Metrics

String Accuracy

1 if float(y) = float(y)

String Acc(y, §) = {O otherwise

ey
Example:
For gold y = 1234 and predicted § = 125,
float(1234) # float(125), yielding an accuracy of
0.

Digit Accuracy

Digit Acc(y, 3

N
Z Yi = yz )

Example:

For gold y = 1234 (N = 4) and predicted § =
125, index matches are: 1 = 1 (match), 2 = 2
(match), 3 # 5 (mismatch), 4 # & (mismatch).
Accuracy is % = 0.50.

Note that this metric looks at the string and not the
float, therefore it may produce a lower accuracy
even if the string accuracy is 1.

Digit Mean Absolute Error (DMAE)

D

1 .
— DY — 1.0
DMAE ;1 |L(y LV 3)

Example:

811

For gold y = 1234, (L(y) = 4) and predicted
g = 125, (L(g) = 3), the single-instance absolute
error is |4 — 3| = 1.

A.2 FERMAT Examples

Type Symbolic Worded

2 digit 12x98 A euro is 12 yen. How
much is 98 yen?

3 digit 123x987 A euro is 123 yen. How
much is 456 yen?

4 digit 1234x9876 A euro is 1234 yen. How
much is 9876 yen?

4+ digit 12345%987654 A euro is 12345 yen. How
much is 987654 yen?

1 decimal 1.2x9.8 A euro is 1.2 yen. How

place much is 9.8 yen?

2 decimal 1.23x98.76 A euro is 1.23 yen. How

place much is 98.76 yen?

Table 3: Examples of Symbolic and Worded Mathemat-
ical Problems from FERMAT

A.3 Output Digit Distribution

Table 4: Distribution of Dataset Evaluation Problems
Across Gold Answer Digit Counts

Digit Count Problems Digit Count Problems
1 91 7 169
2 278 8 84
3 443 9 0
4 467 10 4
5 356 11 23
6 458 12 75
Total Problems 2448

A.4 Opverall Results



Table 5: Evaluation on the FERMAT Symbolic Equations

Model Subgroup Baseline Multi-Layer (ML) Top-5 (TK)
Str Dig Tok Str Dig Tok Str Dig Tok
2 digit 289% 38.4% 363% 324% 38.4% 363% 73.5% 76.6% 75.2%
3 digit 13.0% 163% 163% 145% 163% 163% 47.1% 555% 57.3%
4 digit 27% 65% 6.6% 37% 65% 6.6% 33.8% 445% 462%
Qwen3-0.6B 4+ digit 02% 1.6% 17% 02% 1.6% 17% 93% 24.6% 263%
1dp 404% 48.1% 482% 48.5% 483% 48.6% T1.1% 71.0% 71.3%
2dp 199% 29.7% 29.9% 25.0% 29.8% 30.0% 429% 519% 52.0%
GLOBAL MEAN 175% 19.4% 203% 20.7% 19.5% 20.4% 46.3% 48.8% 50.4%
2 digit 787% 76.7% 73.6% 79.4% 77.1% 74.1% 843% 823% 79.7%
3 digit 52.0% 54.6% 54.6% 525% 551% 552% 654% 67.7% 68.3%
4 digit 333% 359% 35.7% 34.6% 36.0% 359% 483% 50.8% 51.7%
Qwen3-1.7B 4+ digit 6.6% 102% 10.7% 7.4% 10.7% 11.2% 19.9% 29.7% 30.9%
1dp 53.7% 54.6% 552% 625% 553% 56.0% 77.5% 73.4% 73.8%
2dp 375% 454% 45.0% 42.6% 458% 45.5% 58.1% 60.5% 61.0%
GLOBAL MEAN 43.6% 399% 40.4% 46.5% 40.4% 40.9% 589% 55.4% 56.6%
2 digit 85.8% 843% 809% 86.0% 84.5% 81.1% 90.9% 88.5% 86.6%
3 digit 62.5% 63.6% 632% 63.7% 643% 63.8% 728% 757% 15.2%
4 digit 559% 578% 57.8% 57.8% 582% 582% 67.4% 71.6% 72.1%
Qwen3-4B 4+ digit 44.6% 493% 49.1% 449% 492% 49.3% 49.8% 60.5% 60.5%
1dp 71.3% 80.8% 80.6% 81.6% 81.0% 81.0% 89.5% 89.9% 89.8%
2dp 64.7% 753% 753% 70.1% 76.4% 76.5% 82.8% 88.0% 87.7%
GLOBAL MEAN 64.1% 65.1% 65.3% 674% 65.5% 659% 75.5% 76.2% 76.6%
2 digit 88.7% 869% 84.7% 892% 87.1% 85.0% 929% 91.0% 89.6%
3 digit 70.8% 70.4% 70.8% 72.5% 71.5% 72.4% 78.9% 80.5% 81.3%
4 digit 60.5% 613% 62.8% 642% 62.6% 642% 733% 761% 717.2%
Qwen3-8B 4+ digit 47.1% 52.8% 53.4% 483% 539% 54.4% 52.0% 63.0% 63.8%
1dp 75.0% 843% 84.4% 88.5% 85.1% 854% 94.9% 94.7% 94.4%
2dp T71.3% 788% 79.2% 78.4% 802% 80.9% 87.7% 89.9% 90.4%
GLOBAL MEAN 689% 69.0% 70.0% 73.5% 701% 71.2% 79.9% 79.6% 80.7%
2 digit 85.0% 81.6% 79.1% 863% 82.6% 802% 91.9% 89.3% 87.5%
3 digit 652% 609% 61.0% 69.4% 64.3% 64.7% 789% 79.6% 79.4%
4 digit 554% 50.5% 52.1% 57.6% 52.0% 53.5% 740% 73.4% 74.4%
Qwen3-14B 4+ digit 43.6% 509% 51.8% 45.6% 51.8% 52.8% 554% 64.8% 65.5%
1dp 75.7% 80.1% 80.3% 84.8% 80.7% 81.0% 93.1% 919% 91.7%
2dp 81.4% 84.7% 852% 855% 85.8% 863% 91.9% 92.5% 92.9%
GLOBAL MEAN 67.7% 65.1% 664% 71.5% 66.5% 67.8% 809% 79.4% 80.2%
2 digit 81.1% 79.5% 71.8% 83.6% 824% 76.7% 91.7% 90.3% 88.4%
3 digit 404% 493% 36.5% 40.7% 49.6% 37.5% 542% 61.4% 56.7%
4 digit 164% 337% 223% 164% 341% 22.6% 262% 429% 36.2%
Llama-3.2-1B-Instruct 4+ digit 145% 28.5% 229% 14.7% 29.0% 23.8% 22.8% 372% 34.5%
1dp 47.8% 65.6% 563% 583% 67.6% 589% 703% 75.7% 70.2%
2dp 377% 56.1% 50.0% 42.6% 57.8% 52.1% 52.0% 66.0% 63.1%
GLOBAL MEAN 39.7% 473% 422% 42.7% 48.4% 44.0% 529% 57.2% 56.6%
2 digit 84.6% 86.5% 81.1% 89.7% 889% 842% 92.9% 91.7% 89.1%
3 digit 65.4% T71.4% 68.7% 68.6% 73.1% 71.4% 73.5% 78.8% 79.0%
4 digit 43.1% 549% 51.4% 48.0% 58.6% 554% 522% 60.8% 58.8%
Llama-3.2-3B-Instruct 4+ digit 33.8% 44.0% 41.8% 36.0% 469% 45.1% 38.0% 50.1% 49.5%
1dp 65.0% 80.6% 77.5% 80.6% 83.0% 81.1% 83.1% 86.5% 84.5%
2dp 50.0% 672% 63.8% 58.1% 712% 69.0% 63.7% 74.8% 73.7%
GLOBAL MEAN 57.0% 63.1% 62.7% 63.5% 66.0% 665% 67.2% 69.5% 71.0%
2 digit 88.2% 87.9% 83.1% 91.7% 90.5% 86.6% 93.9% 93.0% 90.7%
3 digit 69.1% 75.0% 7T42% 72.5% 78.1% 78.0% 72.8% 78.7% 78.6%
4 digit 527% 62.0% 572% 58.1% 653% 63.6% 588% 64.8% 60.5%
Llama-3.1-8B-Instruct 4+ digit 404% 50.6% 47.4% 439% 53.8% 52.3% 44.4% 549% 53.2%
1dp 76.7% 86.5% 84.3% 89.2% 90.1% 89.2% 88.2% 89.6% 88.2%
2dp 60.0% 74.1% 70.8% 68.1% 77.6% 76.7% 69.1% 78.0% 75.9%
GLOBAL MEAN 64.5% 68.8% 68.5% 70.6% 72.0% 73.5% 71.2% 72.6% 73.4%
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Table 6: Evaluation on the FERMAT Worded Questions

Model Subgroup Baseline Multi-Layer (ML) Top-5 (TK)
Str Dig Tok Str Dig Tok Str Dig Tok
2 digit 7.6% 77% 12% 93% 77% 72% 243% 257% 25.0%
3 digit 25% 51% 39% 32% 51% 39% 127% 159% 15.8%
4 digit 02% 25% 18% 02% 24% 18% 6.1% 124% 11.7%
Qwen3-0.6B 4+ digit 0.0% 18% 15% 00% 18% 15% 15% 7.8% 7.4%
1dp 81% 229% 223% 9.8% 22.8% 223% 19.6% 37.0% 35.5%
2dp 22% 156% 149% 29% 156% 149% 6.1% 24.7% 23.9%
GLOBAL MEAN 34% 82% 81% 42% 82% 81% 11.7% 18.5% 18.4%
2 digit 434% 44.0% 42.6% 444% 442% 42.7% 532% 52.4% 50.8%
3 digit 248% 257% 252% 25.0% 257% 253% 31.6% 333% 32.5%
4 digit 172% 19.0% 17.8% 18.1% 19.0% 18.1% 23.5% 27.0% 25.7%
Qwen3-1.7B 4+ digit 10.5% 142% 13.4% 11.5% 145% 13.7% 14.7% 20.5% 19.8%
1dp 46.3% 61.6% 59.4% 52.7% 62.6% 61.1% 58.1% 68.6% 67.0%
2dp 289% 46.5% 458% 309% 46.6% 46.1% 363% 523% 51.7%
GLOBAL MEAN 285% 31.7% 31.7% 304% 319% 321% 362% 38.7% 38.7%
2 digit 52.5% 54.5% 523% 53.4% 54.8% 52.5% 63.0% 64.7% 63.5%
3 digit 424% 463% 448% 434% 462% 449% 532% 56.8% 55.6%
4 digit 377% 412% 39.7% 387% 41.5% 40.1% 473% 512% 50.4%
Qwen3-4B 4+ digit 348% 37.4% 35.0% 350% 374% 352% 36.0% 40.6% 39.1%
1dp 574% 699% 69.4% 63.7% 709% 70.5% 684% 76.4% 75.9%
2dp 46.6% 62.7% 61.6% 50.7% 639% 63.1% 54.7% 68.1% 67.6%
GLOBAL MEAN 452% 49.8% 49.0% 47.5% 50.2% 49.6% 53.8% 56.8% 56.6%
2 digit 76.7% 74.8% 69.8% 779% 759% 71.1% 80.6% 78.4% 74.9%
3 digit 53.4% 57.4% 54.1% 55.1% 58.0% 55.5% 613% 64.5% 62.6%
4 digit 485% 502% 479% 502% 51.8% 499% 554% 583% 56.7%
Qwen3-8B 4+ digit 395% 42.8% 41.9% 40.7% 443% 433% 424% 492% 48.5%
1dp 69.1% 78.0% 769% 74.8% 79.0% 782% 7179% 81.5% 80.6%
2dp 588% 69.1% 69.4% 642% T71.8% 72.1% 67.6% 71.2% 76.9%
GLOBAL MEAN 57.7% 58.8% 57.8% 60.5% 60.2% 59.5% 64.2% 65.2% 64.6%
2 digit 73.5% 743% 69.5% 76.0% 75.8% 71.5% 82.4% 82.1% 79.0%
3 digit 50.7% 56.0% 52.3% 55.6% 60.0% 57.4% 62.7% 66.1% 63.0%
4 digit 38.0% 41.7% 399% 419% 449% 442% 493% 551% 53.7%
Qwen3-14B 4+ digit 326% 352% 33.8% 404% 42.4% 42.0% 41.2% 45.6% 45.4%
1dp 78.4% 85.4% 84.5% 85.5% 873% 812% 86.8% 89.1% 88.5%
2dp 74.8% 81.1% 81.7% 79.4% 83.7% 84.3% 80.6% 85.1% 85.7%
GLOBAL MEAN 58.0% 58.0% 57.5% 63.2% 61.9% 621% 67.2% 66.6% 66.6%
2 digit 63.0% 62.4% 52.5% 654% 643% 55.8% 71.1% 69.6% 62.8%
3 digit 40.0% 42.1% 36.1% 422% 43.5% 393% 48.5% 51.5% 48.3%
4 digit 103% 23.8% 144% 11.5% 247% 17.4% 24.8% 34.4% 29.2%
Llama-3.2-1B-Instruct 4+ digit 83% 17.5% 12.6% 8.8% 18.0% 13.7% 164% 252% 21.6%
1dp 255% 45.5% 35.0% 34.6% 488% 393% 47.1% 58.4% 51.9%
2dp 189% 35.5% 27.4% 21.6% 37.5% 30.5% 355% 49.7% 46.0%
GLOBAL MEAN 27.7% 33.5% 27.7% 30.7% 35.0% 30.7% 40.6% 43.8% 41.8%
2 digit 70.6% 67.5% 589% 73.8% 713% 63.8% 77.7% 760% 70.1%
3 digit 571% 57.7% 523% 583% 59.4% 56.1% 59.6% 64.3% 61.1%
4 digit 422% 479% 41.2% 451% 504% 44.6% 47.1% 53.5% 49.0%
Llama-3.2-3B-Instruct 4+ digit 294% 351% 30.1% 31.6% 37.5% 32.7% 353% 41.0% 38.4%
1dp 493% 66.6% 599% 61.5% 71.0% 654% 652% 74.4% 70.2%
2dp 385% 563% 51.6% 46.1% 61.6% 583% 50.0% 64.4% 62.2%
GLOBAL MEAN 47.8% 51.8% 48.3% 52.7% 550% 52.8% 55.8% 58.6% 57.7%
2 digit 73.0% 73.9% 63.4% 782% 78.1% 69.6% 81.6% 81.3% 73.0%
3 digit 581% 633% 57.5% 603% 652% 609% 63.0% 682% 65.4%
4 digit 44.6% 52.8% 46.0% 502% 55.8% 50.2% 50.5% 57.1% 51.0%
Llama-3.1-8B-Instruct 4+ digit 355% 42.8% 352% 40.0% 45.4% 382% 422% 49.1% 44.4%
1dp 60.0% 749% 68.8% 725% 783% 73.7% 76.0% 81.8% 78.2%
2dp 493% 62.6% 58.7% 564% 66.1% 63.8% 58.8% 699% 67.5%
GLOBAL MEAN 534% 58.4% 544% 59.6% 61.4% 589% 62.0% 64.5% 62.8%
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A.5 DMAE Results

Table 7: Digit Mean Absolute Error for all models for
Baseline (Base), intermediate layer (ML) and top-k rank

(TK) recoveries.

Model Base ML TK A Base MLL. A Base TK
Qwen3 0.6B 1.3049 1.3519 1.0537 +0.0470 -0.2512
Qwen3 1.7B 1.1179 0.8585 0.7194 -0.2594 -0.3985
Qwen3 4B 0.8815 0.6221 0.5004 -0.2594 -0.3811
Qwen3 8B 0.8248 0.4524 0.3656 -0.3724 -0.4592
Qwen3 14B 0.8721 0.5053 0.3525 -0.3668 -0.5196
Llama-3.2 1B 1.2382 1.1616 1.0061 -0.0766 -0.2321
Llama-3.23B 1.1362 0.6981 0.6481 -0.4381 0-.4881
Llama-3.1 8B 0.8852 0.6530 0.6530 -0.2322 -0.2322
Average 1.0326 0.7879 0.6624 -0.2447 -0.3703

A.6 Top Rank Benefit

Table 8: Top-k Performance and Absolute Improvement
(A) Over Top-1 Baseline Across Models

Top-2 % (+A)

Top-3 % (+A)

Top-4 % (+A)

Top-5 % (+A)

36.85% (+19.32%)
54.29% (+10.66%)
71.53% (+7.39%)
75.61% (+6.70%)
77.70% (+9.97%)
47.63% (+7.97%)
61.81% (+4.82%)
67.81% (+3.27%)

41.22% (+23.69%)
56.17% (+12.54%)
72.67% (+8.54%)
76.27% (+7.35%)
78.27% (+10.54%)
49.67% (+10.01%)
62.70% (+5.72%)
68.30% (+3.76%)

42.52% (+25.00%)
56.54% (+12.91%)
72.88% (+8.74%)
76.43% (+7.52%)
78.43% (+10.70%)
50.53% (+10.87%)
63.15% (+6.17%)
68.55% (+4.00%)

43.26% (+25.74%)
56.70% (+13.07%)
72.96% (+8.82%)
76.55% (+7.64%)
78.55% (+10.83%)
51.02% (+11.36%)
63.44% (+6.45%)
68.63% (+4.08%)

Model Name Top-1 %
Qwen3-0.6B 17.52%
Qwen3-1.7B 43.63%
Qwen3-4B 64.13%
Qwen3-8B 68.91%
Qwen3-14B 67.73%
llama-3.2-1B  39.67%
llama-3.2-3B 56.99%
llama-3.1-8B  64.54%
AVERAGE 52.89%

61.65% (+8.76 %)

63.16% (+10.27 %)

63.63% (+10.74%)

63.89% (+11.00%)

A.7 Prompt Templates and Input Formatting

Table 9: Prompt Formatting by Input Type

Input Type  Preprocessing Templates Examples
Worded Strips leading/trailing Give the final answer Input: A euro is 12 yen. How much is 98
Questions whitespace. only. {Question} Answer: yen?
Prompt: Give the final answer only.
A euro is 12 yen. How much is 98 yen?
Answer:
Symbolic Strips outer wrap- Give the final answer Input: 12 x 98
Equation ping parentheses only. {Equation} =
and leading/trailing Prompt: Give the final answer only.
whitespace. 12 x 98 =
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